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a b s t r a c t
Recently, various researchers have proved that approximations of fuzzy numbers may
fail to be fuzzy numbers. In this contribution, we suggest a new weighted trapezoidal
approximation of an arbitrary fuzzy number, which preserves its cores. We prove that the
weighted trapezoidal approximation-preserving core is always a fuzzy number. We then
discuss properties of the approximation strategy including translation invariance, scale
invariance identity and continuity. The advantage is that the method presented here is
simpler than other methods computationally.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Thousands of scientific papers and many applications have proved that the theory of fuzzy sets lets us effectively model
and transform imprecise information. It is not surprising that fuzzy numbers play a significant role among all fuzzy sets
since the predominant carriers of information are numbers. The results of our calculation strongly depend on the shape
of the membership function of these numbers. Less regular membership functions lead to calculations that are more
complicated. Moreover, fuzzy numbers with the shape of membership functions often have a more intuitive and more
natural interpretation. All these reasons cause a natural need for simple approximations of fuzzy numbers that are easy
to handle and have a natural interpretation. For the sake of simplicity, trapezoidal or triangular fuzzy numbers are most
common in current applications. The importance of the approximation of fuzzy numbers by trapezoidal fuzzy numbers has
been pointed out in many papers [1–12].
The symmetric triangular approximation was presented by Ma et al. [13]. Chanas [14] derived a formula for determining
the interval approximations under the Hamming distance. The trapezoidal approximation was proposed by Abbasbandy
et al. [1–3]. Grzegorzewiski et al. [7] proposed the trapezoidal approximation of a fuzzy number, which is considered as a
reasonable compromise between twoopposite tendencies: to lose toomuch information and to introduce too sophisticated a
formof approximation from the point of view of computation.With respect to awell-knownmetric between fuzzy numbers,
themethod of the Lagrangianmultipliers is used in [7] to find the nearest trapezoidal approximation operator preserving the
expected interval. Due to some conditions being avoided to shed light on the solution, as proved in Allahviranloo et al. [15],
the result of approximation is not always a trapezoidal fuzzy number. Then in the paper [8], the Karush–Kuhn–Tucker
theorem is used by the authors to improve the previous nearest trapezoidal approximation operator. Pointing out that the
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result is incorrect, Ban [4] consequently solved the problem of the nearest trapezoidal approximation of a fuzzy number
in an appropriate way, which in case of the same metric between fuzzy numbers preserves the expected interval. He also
revised his work and pointed out the errors and inadvertencies in some recent papers [5,6]. Other different approximations
have also been investigated, such as the weighted triangular approximation of fuzzy numbers by Zeng and Li [12]. Yeh [9]
showed that the approximation of a fuzzy number, presented by Zeng and Li [12], may fail to be a fuzzy number. Then he
improved the trapezoidal and triangular approximation of fuzzy numbers [10,11]. Recently, Abbasbandy and Hajjari [16]
introduced a new approach for the ranking of trapezoidal fuzzy numbers, which is based on the left and the right spreads
at some α-levels of trapezoidal fuzzy numbers. These works show that approximation and ordering of fuzzy numbers are
meaningful topics.
The approximation should preserve at least some parameters of the fuzzy number [17]. Considering that the core of a
fuzzy number is an important parameter in real problems, we present in this contribution a new weighted approximation
of an arbitrary fuzzy number, which preserves its core. Moreover, we indicate that the proposed weighted approximation
is always a fuzzy number and the calculation using the proposed method is far simpler and easier than that of previous
methods.
The remainder of this paper is organized as follows. Section 2 contains some basic notation of fuzzy numbers. We also
recall some criteria for approximation. In Section 3, we investigate the weighted trapezoidal approximation of an arbitrary
fuzzy number, which preserves its core. Furthermore, we discuss some properties of weighted trapezoidal approximation
such as translation invariance, scale invariance, identity and continuity. Also, a number of comparative examples are given
to illustrate the advantage of the new weighted approximation-preserving core. Concluding remarks are given in Section 4.
2. Preliminaries
There are a number of ways of defining fuzzy numbers, and for the propose of this paper we adopt the following
definition; we will identify the name of the number with its membership function for simplicity. Throughout this paper,
R stands for the set of all real numbers, F(R) represents the set of fuzzy numbers, A expresses a fuzzy number and A(x) its
membership function, ∀x ∈ R.
Definition 2.1 ([18,19]). A fuzzy subset A of the real line Rwith membership function A(x), A : R→ [0, 1], is called a fuzzy
number if
(a) A is normal, i.e., there exists an element x0 such that A(x0) = 1,
(b) A is fuzzy convex, i.e., A(λx1 + (1− λ)x2) ≥ A(x1) ∧ A(x2),
(c) A(x) is upper semi-continuous,
(d) supp(A) is bounded, where supp(A) = cl{x ∈ R : A(x) > 0}, and cl is the closure operator.
It is known that for fuzzy number A there exist four numbers a, b, c, d ∈ R and two functions LA(x), RA(x) : R → [0, 1],
where LA(x) and RA(x) are non-decreasing and non-increasing functions, respectively. We can describe a membership
function as follows:
A(x) =

0 x ≤ a,
LA(x) a ≤ x ≤ b,
1 b ≤ x ≤ c,
RA(x) c ≤ x ≤ d,
0 d < x.
The functions LA(x) and RA(x) are also called the left and right side of the fuzzy number A, respectively [18,19].
In this paper, we assume that∫ +∞
−∞
A(x)dx < +∞.
A useful tool for dealing with fuzzy numbers is their α-cuts. The α-cut of a fuzzy number A is a non-fuzzy set defined as
Aα = {x ∈ R : A(x) ≥ α},
for α ∈ (0, 1] and A0 = cl(∪α∈(0,1] Aα). According to the definition of a fuzzy number, it is seen at once that every α-cut of a
fuzzy number is a closed interval. Hence, for a fuzzy number A, we have A(α) = [AL(α), AU(α)], where
AL(α) = inf{x ∈ R : A(x) ≥ α},
AU(α) = sup{x ∈ R : A(x) ≥ α}.
If the left and right sides of the fuzzy number A are strictly monotone, obviously, AL and AU are inverse functions of LA(x)
and RA(x), respectively. Another important kind of fuzzy numbers was introduced in [20] as follows. Let a, b, c, d ∈ R such
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that a < b ≤ c < d. A fuzzy number A defined as A(x), A : R→ [0, 1],
A(x) =

0 x ≤ a,(
x− a
b− a
)r
a ≤ x ≤ b,
1 b ≤ x ≤ c,(
d− x
d− c
)r
c < x ≤ d,
0 d < x,
where r > 0, is denoted by A = (a, b, c, d)r . If A = (a, b, c, d)r , then
Aα = [AL(α), AU(α)] =
[
a+ (b− a)α1/r , d− (d− c)α1/r] , α ∈ [0, 1].
When r = 1 and b = c , we obtain a so-called triangular fuzzy number. The conditions r = 1, a = b and c = d imply the
closed interval and in the case r = 1, a = b = c = d = t we have the crisp number t . Since a trapezoidal fuzzy number is
completely characterized by r = 1 and four real numbers a ≤ b ≤ c ≤ d, it is often denoted in brief as A = (a, b, c, d). A
family of trapezoidal fuzzy numbers will be denoted by F T (R). Let us also recall that core(A) = {x ∈ R|A(x) = 1}.
As we mentioned, for two arbitrary fuzzy numbers A and B with α-cut sets [AL(α), AU(α)] and [BL(α), BU(α)],
respectively, the equality
d(A, B) =
√∫ 1
0
(AL(α)− BL(α))2 dα +
∫ 1
0
(AU(α)− BU(α))2 dα, (2.1)
is the distance between A and B. For more details we refer the reader to [21].
Zeng and Li [12] introduced the weighted distance for arbitrary fuzzy numbers A and B as follows:
df (A, B) =
√∫ 1
0
f (α)
(
(AL(α)− BL(α))2 + (AU(α)− BU(α))2
)
dα, (2.2)
where the function f (α) is non-negative and increasing on [0, 1] with f (0) = 0 and ∫ 10 f (α)dα = 12 . The function f (α)
is also called the weighting function. The property of monotone increasing of function f (α) means that the higher the cut
level, the more important its weight in determining the distance of fuzzy numbers A and B. Both conditions f (0) = 0 and∫ 1
0 f (α)dα = 12 ensure that the distance defined by Eq. (2.2) is the extension of the ordinary distance in R defined by its
absolute value. That means, this distance becomes an absolute value in R when a fuzzy number reduces to a real number.
In applications, the function f (α) can be chosen according to the actual situation. Clearly, the weighted distance defined by
Eq. (2.2) synthetically reflects information in every membership degree and the importance of the core.
2.1. Criteria for approximation
Suppose that we want to approximate a fuzzy number by a trapezoidal fuzzy number. Thus we have to use an operator
T : F(R) → F T (R), which transforms a family of all fuzzy numbers into a family of trapezoidal fuzzy numbers, i.e.,
T : A → T (A). Since trapezoidal approximation could be also performed in many ways, we propose a number of
criteria which the approximation operator should or just can possess. Some of the criteria are similar to those specified
for defuzzification operators or for interval approximation operators [13]. However, there are some points that have no
counterpart in the defuzzification strategies, are formulated strictly for fuzzy numbers and relate exclusively to typical
problems for this framework.
2.1.1. α-cut invariance
We say that an approximation operator T is α0-invariant if
(T (A))α0 = Aα0 . (2.3)
A zero-invariant operator preserves the support of a fuzzy number A, i.e.,
supp(T (A)) = supp(A). (2.4)
Similarly, a unity-invariant operator preserves the core of a fuzzy number A, i.e.,
core(T (A)) = core(A), (2.5)
while a 0.5-invariant operator preserves a set of values that belong to A to the same extent as to its complement ¬A. It is
easily seen that by specifying of the two different levels α1 and α2 (α1 6= α2) we obtain one and only one approximation
operator which is both α1-invariant and α2-invariant.
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2.1.2. Translation invariance
We say that an approximation operator T is invariant to translation if
T (A+ z) = T (A)+ z ∀z ∈ R. (2.6)
Thus, translation invariance means that the relative position of approximation remains constant when the membership
function is moved to the left or the right.
2.1.3. Scale invariance
We say that an approximation operator T is scale invariant if
T (λA) = λT (A) ∀λ ∈ R/[0]. (2.7)
It is worth noting that for λ = −1 we obtain a so-called symmetry constraint, which means that the relative position of the
approximation does not vary if the orientation of the support interval changes.
2.1.4. Identity
The criterion of identity states that the approximation of trapezoidal fuzzy numbers is equivalent to that number, i.e.,
if A ∈ F T (R) then T (A) = A. (2.8)
2.1.5. Monotony
The criterion of monotony states that, for any two fuzzy numbers A and B, it holds that
if A ⊆ B then T (A) ⊆ T (B). (2.9)
3. Weighted trapezoidal approximation of a fuzzy number
The idea of the trapezoidal approximation of fuzzy numbers was considered by Delgado et al. [17]. In their paper, the
authors suggested that the approximation should preserve at least some parameters of the original fuzzy number. There are
a lot of methods for approximating fuzzy numbers in trapezoidal form. For example, one can substitute a fuzzy number A
by T (A), described by the following four values:
t1 = inf supp A, t2 = inf core A, t3 = sup core A and t4 = sup supp A.
Abbasbandy et al. [1–3] also presented some approximations of fuzzy numbers. Since one can easily propose many other
approximation methods, a natural question arises how to construct a good approximation operator. Moreover, we face
the same problem in defuzzification and interval approximation of fuzzy sets. Furthermore, different criteria for ‘‘good’’
operators have been considered in these areas. For more details, we refer reader to [7,12,14,22–24].
In this section,weuse theweighted trapezoidal approximation operator T : F(R)→ F T (R), whichproduces a trapezoidal
fuzzynumber. It is the closest to the given original fuzzynumber andpreserves its corewith respect to the distance df defined
by (2.2). Therefore, this operator will be called the weighted trapezoidal approximation-preserving core of a fuzzy number.
Suppose A is an arbitrary fuzzy number; we will try to find a trapezoidal fuzzy number T (A) which is the nearest to A with
respect to metric df defined by (2.2). Let [TL(α), TU(α)] denote the α-cut of T (A). We would like to minimize
df (A, T (A)) =
√∫ 1
0
f (α) (AL(α)− TL(α))2 dα +
∫ 1
0
f (α) (AU(α)− TU(α))2 dα, (3.10)
with respect to TL(α) and TU(α), where function f (α) is a weighting function. However, since a trapezoidal fuzzy number is
completely presented by four real numbers, which can be considered as borders of its support and its core, our goal reduces
to finding such real numbers t1 ≤ t2 ≤ t3 ≤ t4 that characterize T (A) = (t1, t2, t3, t4). It is easily seen that the α-cut of T (A)
is equal to [t1 + (t2 − t1)α, t4 − (t4 − t3)α]. Therefore, (3.10) reduces to
df (A, T (A)) =
[∫ 1
0
f (α) (AL(α)− (t1 + (t2 − t1)α))2 dα +
∫ 1
0
f (α) (AU(α)− (t4 − (t4 − t3)α))2 dα
] 1
2
, (3.11)
and we will try to minimize (3.11) with respect to t1, t2, t3, t4. To emphasize, we want to find a trapezoidal fuzzy number
which is not only closest to a given fuzzy number but also preserves the core of that fuzzy number. It is easily seen that in
order to minimize df (A, T (A)) it suffices to minimize the function d2f (A, T (A))with respect to following conditions;
core(A) = core(T (A)) or t2 = AL(1), and t3 = AU(1).
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Using the well-known method of the Lagrangian multipliers, our problem reduces to finding such real numbers t1 ≤ t2 ≤
t3 ≤ t4 that minimize
D(t1, t2, t3, t4) =
∫ 1
0
f (α) (AL(α)− (t1 + (t2 − t1)α))2 dα +
∫ 1
0
f (α) (AU(α)− (t4 − (t4 − t3)α))2 dα
+ λ1 (t2 − AL(1))+ λ2 (t3 − AU(1)) , (3.12)
where λ1 and λ2 are real numbers, called the Lagrangian multipliers. Consequently, we can get their partial derivatives:
∂D(t1, t2, t3, t4)
∂t1
= 2
∫ 1
0
f (α) (AL(α)− (t1 + (t2 − t1)α)) (α − 1)dα,
∂D(t2, t2, t3, t4)
∂t2
= 2
∫ 1
0
f (α) (AL(α)− (t1 + (t2 − t1)α)) (−α)dα + λ1,
∂D(t1, t2, t3, t4)
∂t3
= 2
∫ 1
0
f (α) (AU(α)− (t4 − (t4 − t3)α)) (−α)dα + λ2,
∂D(t1, t2, t3, t4)
∂t4
= 2
∫ 1
0
f (α) (AU(α)− (t4 − (t4 − t3)α)) (α − 1)dα.
(3.13)
Let
∂D(t1, t2, t3, t4)
∂t1
= ∂D(t2, t2, t3, t4)
∂t2
= ∂D(t1, t2, t3, t4)
∂t3
= ∂D(t1, t2, t3, t4)
∂t4
= 0.
Then we solve
t1
∫ 1
0
(α − 1)2f (α)dα − t2
∫ 1
0
α(α − 1)f (α)dα = −
∫ 1
0
(α − 1)AL(α)f (α)dα,
−t1
∫ 1
0
α(α − 1)f (α)dα + t2
∫ 1
0
α2f (α)dα =
∫ 1
0
αAL(α)f (α)dα − λ12 ,
t3
∫ 1
0
α2f (α)dα − t4
∫ 1
0
α(α − 1)f (α)dα =
∫ 1
0
αAU(α)f (α)dα − λ22 ,
−t3
∫ 1
0
α(α − 1)f (α)dα + t4
∫ 1
0
(α − 1)2f (α)dα = −
∫ 1
0
(α − 1)AU(α)f (α)dα.
(3.14)
The solution is
t1 = −
∫ 1
0 (α − 1)AL(α)f (α)dα + AL(1)
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
,
t2 = AL(1),
t3 = AU(1),
t4 = −
∫ 1
0 (α − 1)AU(α)f (α)dα + AU(1)
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
.
(3.15)
Considering weighting function f (α) = α, then we have∫ 1
0
f (α)dα = 1
2
,
∫ 1
0
α(α − 1)f (α)dα = −1
12
and
∫ 1
0
(α − 1)2f (α)dα = 1
12
.
Therefore, the solution in Eqs. (3.15) can also be expressed as follows:
t1 = −12
∫ 1
0
α(α − 1)AL(α)dα − AL(1),
t2 = AL(1),
t3 = AU(1),
t4 = −12
∫ 1
0
α(α − 1)AU(α)dα − AU(1).
(3.16)
Moreover, in the case that f (α) = 1, we have∫ 1
0
α(α − 1)f (α)dα = −1
6
and
∫ 1
0
(α − 1)2f (α)dα = 1
3
.
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Consequently, the solution in Eqs. (3.15) will be summarized as
t1 = −3
∫ 1
0
(α − 1)AL(α)dα − 12AL(1),
t2 = AL(1),
t3 = AU(1),
t4 = −3
∫ 1
0
(α − 1)AU(α)dα − 12AU(1).
(3.17)
To obtain good results, we must prove that the system (3.15) is a fuzzy number. For that reason, we use the following
theorem.
Theorem 3.1. The system (3.15) determines a fuzzy number. In other words, we have the following conditions:
t1 ≤ t2, t2 ≤ t3, t3 ≤ t4.
Proof. Since AL(α) is non-decreasing for all α ∈ [0, 1],
AL(α) ≤ AL(1).
Since f (α) ≥ 0 and (1− α)  0,∀α ∈ [0, 1], we can obtain that
(1− α)AL(α)f (α) ≤ (1− α)AL(1)f (α),
(1− α)AL(α)f (α) ≤ (1− α + α2 − α2 + α − α)AL(1)f (α),
and then
−(α − 1)AL(α)f (α) ≤
[
(α − 1)2 − α(α − 1)] AL(1)f (α).
By the theorem of integration, we have∫ 1
0
−(α − 1)AL(α)f (α)dα ≤
∫ 1
0
[
(α − 1)2 − α(α − 1)] AL(1)f (α)dα,
−
∫ 1
0
(α − 1)AL(α)f (α)dα ≤
∫ 1
0
(α − 1)2AL(1)f (α)dα −
∫ 1
0
α(α − 1)AL(1)f (α)dα.
Consequently,
−
∫ 1
0
(α − 1)AL(α)f (α)dα + AL(1)
∫ 1
0
α(α − 1)f (α)dα ≤ AL(1)
∫ 1
0
(α − 1)2f (α)dα.
Since
∫ 1
0 (α − 1)2f (α)dα > 0, the following will be obtained:
− ∫ 10 (α − 1)AL(α)f (α)dα + AL(1) ∫ 10 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
≤ AL(1),
which means that
t1 ≤ t2.
It is evident that
t2 ≤ t3.
Similarly, we can show that t3 ≤ t4. 
Theorem 3.2.
(∫ 1
0 α(1− α)f (α)dα
)2 ≤ ∫ 10 (1− α)2f (α)dα × ∫ 10 α2f (α)dα.
Proof. We can write(∫ 1
0
α(1− α)f (α)dα
)2
=
(∫ 1
0
α
√
f (α)(1− α)√f (α)dα)2 ,
and from Schwartz’s inequality we conclude that(∫ 1
0
α(1− α)f (α)dα
)2
≤
∫ 1
0
α2f (α)dα ×
∫ 1
0
(1− α)2f (α)dα.
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On the other hand, we can form the Hessian matrix, H = (Hij) for i, j = 1, . . . , 4, such that
Hij = ∂
2D(t1, t2, t3, t4)
∂ti∂tj
,
where ∂D(t1,t2,t3,t4)
∂ti
are computed in system (3.13). Therefore,
H11 = H44 = 2
∫ 1
0
(α − 1)2f (α)dα,
H12 = H21 = H34 = H43 = −2
∫ 1
0
α(α − 1)f (α)dα,
H22 = H33 = 2
∫ 1
0
α2f (α)dα,
H13 = H14 = H23 = H24 = H31 = H32 = H41 = H42 = 0;
hence,
detH = H11 detM − H12 detN,
where
M =
(H22 0 0
0 H33 H34
0 H43 H44
)
,
and
N =
(H21 0 0
0 H33 H34
0 H43 H44
)
.
Hence
detH = (H11H22 − H12H21)(H33.H44 − H34.H43) = (H33.H44 − H34.H43)2,
and consequently, detH > 0. Furthermore, in the case that f (α) ≡ 1,
H =

2
3
1
3
0 0
1
3
2
3
0 0
0 0
2
3
1
3
0 0
1
3
2
3

,
so detH = 19 > 0. These show that t1, t2, t3 and t4, given by Eq. (3.15), minimize D = (t1, t2, t3, t4) and actually minimize
d = (t1, t2, t3, t4) simultaneously. 
Example 3.1. Considering the Gaussian membership function A(x) = e−(x−µ0)2/σ 20 , then we have its α-cut set Aα =
[µ0 − σ0
√− lnα,µ0 + σ0
√− lnα], α ∈ [0, 1]; see [12].
In order to compare with Zeng and Li’s method [12], we consider f (α) = α. Applying Eq. (3.16), then the weighted
approximation-preserving core T (A) of the fuzzy number A is characterized by
t1 = −12
∫ 1
0
α(α − 1)(µ0 − σ0
√− lnα)dα − µ0 = µ0 − (9
√
2− 4√3)pi
6
σ0,
t2 = µ0,
t3 = µ0,
t4 = −12
∫ 1
0
α(α − 1)(µ0 − σ0
√− lnα)dα − µ0 = µ0 + (9
√
2− 4√3)pi
6
σ0.
The results are the same as Zeng and Li’s [12]. Fig. 1 indicates the weighted trapezoidal approximation-preserving core for
a Gaussian membership function with mean 3 and deviation 0.9.
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Fig. 1. T (A) is the weighted approximation-preserving core of fuzzy number A.
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Fig. 2. Fuzzy number A and its approximations by the proposed method and Ban’s method.
Example 3.2. Let us consider the fuzzy number A(x) = (1, 28, 29, 30)2 or, in the parametric form, Aα = [1+ 27√α, 30−√
α], α ∈ [0, 1]; see [4].
To draw a comparison with some other methods, we consider f (α) = 1 for all α. By using Eq. (3.17), the weighted
trapezoidal approximation is T (A) = ( 9110 , 28, 29, 29710 ), and since the result by using Zeng and Li’s method is not a triangular
fuzzy number, the method has failed in this example. Furthermore, as Ban [4] pointed out, Grzegorzewski’s proposed T (A)
is not a trapezoidal number whereas according to the conditions in this contribution TB(A) =
(
1, 292 ,
59
2 , 30
)
. Fig. 2 shows
fuzzy number A and itsapproximations obtained by the newweighted trapezoidal approximation-preserving core and Ban’s
method [4]. We believe that the proposed method is more appropriate than Ban’s approximation. To compare the new
approximation for different f (α), we refer the reader to Table 1.
Example 3.3. Consider three fuzzy numbers A, B and C with α-cuts Aα = [−1 +√α, 1 − α2], Bα = [−1 +√α, 1 −√α]
and Cα = [−1+√α, 0], respectively [11].
To make a comparison with Yeh’s weighted approximation, let us take f (α) = α. By applying Eq. (3.16), we find
T (A) =
(
−22
35
, 0,
5
4
)
, T (B) =
(
−22
35
, 0,
22
35
)
, T (C) =
(
−22
35
, 0, 0
)
.
The results obtained by Yeh’s method are as follows:
TY (A) =
(
−22
35
,
1
35
,
1
10
,
13
10
)
, TY (B) =
(
−22
35
, 0,
22
35
)
, TY (C) =
(
− 89
140
,
1
140
,
1
140
)
.
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A
TB(A)
TY(A)
B
T(B), TY(B)
C
T(C)
0
0.2
0.4
0.6
0.8
1
0
0.2
0.4
0.6
0.8
1
–1 –0.5 0 0.5 1 1.5 –1 –0.5 0 0.5 1
0
0.2
0.4
0.6
0.8
1
–0.8 0.6 0.4 0.2 0 0.2 0.4–1
Fig. 3. Fuzzy numbers A, B, C and their approximations by the proposed method and Yeh’s method.
Table 1
Comparative results of Example 3.2.
f (α) T (A)
1
( 91
10 , 28, 29,
297
10
)
α
( 386
35 , 28, 29,
1037
35
)
3
2α
2
( 167
14 , 28, 29,
1243
42
)
4
2α
3
( 1137
11 , 28, 29,
976
33
)
5
2α
4
( 3661
286 , 28, 29,
8455
286
)
7
2α
6
( 2249
170 , 28, 29,
5023
1703
)
9
2α
8
( 8587
266 , 28, 29,
7857
266
)
11
2 α
10
( 15 703
1150 , 28, 29,
33 961
1150
)
The results show that T (B) and TY (B) are identical. Here we can see that T (C) and TY (C) are very close. Since the right
sides of C and T (C) are identical, T (C) is more appropriate than TY (C) (see Fig. 3). Moreover, calculating the weighted
approximation-preserving core is simpler than others computationally.
Theorem 3.3. The weighted trapezoidal approximation operator-preserving core is invariant to translation.
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Proof. Let z be a real number and A denote a fuzzy number with α-cut Aα = [AL(α), AU(α)]. Then the α-cut of a fuzzy
number A translated by a number z is
(A+ z)α = [AL(α)+ z, AU(α)+ z] .
Accordingly, from Eqs. (3.15) we can get that
t1(A+ z) = −
∫ 1
0 (α − 1) (AL(α)+ z) f (α)dα + (AL(1)+ z)
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
= −
∫ 1
0 (α − 1)AL(α)f (α)dα + AL(1)
∫ 1
0 α(α − 1)f (α)dα + z
∫ 1
0 (α − 1)2f (α)dα∫ 1
0 (α − 1)2f (α)dα
.
Consequently,
t1(A+ z) = t1(A)+ z.
Similar computations can be done for ti(A + z), i = 2, 3, 4. Since ti(A + z) = ti(A) + z for i = 1, 2, 3, 4, we can get that
T (A+ z) = T (A)+ z, which proves the translation invariance. 
Theorem 3.4. The weighted trapezoidal approximation operator-preserving core is invariant to scale.
Proof. Consider a real number λ such that λ 6= 0. Using Eqs. (3.15), T (λA)will be described as follows:
t1(λA) = −
∫ 1
0 (α − 1)λAL(α)f (α)dα + λAL(1)
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
= λt1(A).
Similarly it will be obtained that
t2(λA) = λt2(A), t3(λA) = λt3(A) and t4(λA) = λt4(A).
Then we have T (λA) = λT (A), which proves the scale invariance. 
Theorem 3.5. The weighted trapezoidal approximation operator-preserving core satisfies the identity property.
Proof. Consider a trapezoidal fuzzy number A = (a, b, c, d), where a ≤ b ≤ c ≤ d and its α-cut set A(α) =
[a+ (b− a)α, d− (d− c)α].
Since t2(A) = AL(1) = b, t3(A) = AU(1) = c , it is sufficient to prove that t1(A) = a, t4(A) = d. From Eqs. (3.15), the
weighted trapezoidal approximation T (A) is determined in the following way:
t1(A) = −
∫ 1
0 (α − 1) (a+ (b− a)α) f (α)dα + b
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
= −a
∫ 1
0 (α − 1)f (α)dα − (b− a)
∫ 1
0 α(α − 1)f (α)dα + b
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
= −a
∫ 1
0 (α − 1)f (α)dα + a
∫ 1
0 α(α − 1)f (α)dα∫ 1
0 (α − 1)2f (α)dα
.
Hence, t1(A) = a, and t4(A) = d can be proved in the same was as before. Therefore, T (A) = A = (a, b, c, d), and the
weighted trapezoidal approximation satisfies the identity property. 
Grzegorzewiski [22] utilized the continuity of mappings of fuzzy sets to describe the properties of fuzzy set
transformations and introduced continuity to demonstrate the approximation operation. For A, B ∈ R, T (A) and T (B) denote
the trapezoidal approximation of two fuzzy numbers A and B, respectively. A mapping T between fuzzy sets is continuous if
∀ε > 0, ∃δ > 0, d(A, B) < δ ⇒ d(T (A), T (B)) < ε,
where d is a metric that is defined on fuzzy number space.
Definition 3.1. The weighted trapezoidal approximation operator-preserving core is called continuous if it satisfies the
aforementioned condition for any A, B ∈ R.
Theorem 3.6. The weighted trapezoidal approximation operator-preserving core is continuous.
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Proof. Since T AL (α) = t1(A)+ (t2(A)− t1(A))α and T AU (α) = t4(A)− (t4(A)− t3(A))α, by Eq. (3.17) we can find that
d2 (T (A), T (B)) =
∫ 1
0
[
T AL (α)− T BL (α)
]2
dα +
∫ 1
0
[
T AU (α)− T BU(α)
]2
dα
=
∫ 1
0
[
3(α − 1)
∫ 1
0
(γ − 1) (AL(γ )− BL(γ )) dγ + 3α − 12 (AL(1)− BL(1))
]2
dα
+
∫ 1
0
[
3(α − 1)
∫ 1
0
(γ − 1) (AU(γ )− BU(γ )) dγ + 3α − 12 (AU(1)− BU(1))
]2
dα.
Now, for abbreviation, let us adopt for a moment the following notation:
ΥL =
∫ 1
0
(γ − 1) (AL(γ )− BL(γ )) dγ ,
ΥU =
∫ 1
0
(γ − 1) (AU(γ )− BU(γ )) dγ .
Thus, we have
d2 (T (A), T (B)) =
∫ 1
0
[
3(α − 1)ΥL + 3α − 12 (AL(1)− BL(1))
]2
dα
+
∫ 1
0
[
3(α − 1)ΥU + 3α − 12 (AU(1)− BU(1))
]2
dα
= 3Υ 2L +
1
4
(AL(1)− BL(1))2 + 3Υ 2U +
1
4
(AU(1)− BU(1))2 .
Returning to our original notation, we will obtain
d2(T (A), T (B)) = 3
[∫ 1
0
(γ − 1) (AL(γ )− BL(γ )) dγ
]2
+ 1
4
(AL(1)− BL(1))2
+ 3
[∫ 1
0
(γ − 1) (AU(γ )− BU(γ )) dγ
]2
+ 1
4
(AU(1)− BU(1))2
≤ 3
∫ 1
0
(γ − 1)2 (AL(γ )− BL(γ ))2 dγ + 14 (AL(1)− BL(1))
2
+ 3
∫ 1
0
(γ − 1)2 (AU(γ )− BU(γ ))2 dγ + 14 (AU(1)− BU(1))
2
≤ 3
∫ 1
0
[
(AL(γ )− BL(γ ))2 + (AU(γ )− BU(γ ))2
]
dγ = 3d2(A, B).
This means that ∀ε > 0, ∃δ =
√
3
3 ε > 0, when d(A, B) < δ, then we have d(T (A), T (B)) < δ. This shows that our weighted
trapezoidal approximation-preserving core is continuous. 
4. Conclusions
In the present contribution, we use the weighted distance between two fuzzy numbers to investigate a trapezoidal
approximation of arbitrary fuzzy numbers. The proposed operator is called the weighted trapezoidal approximation
operator-preserving core. A satisfactory approximation operator should be easy to implement and computationally
inexpensive, and it should have a convenient interpretation. We have formulated a list of criteria which would be desirable
for approximation operators to possess. We also discuss some properties of the approximation including translation
invariance, scale invariance, identity and continuity. The advantage is that the proposed method is simpler than other
methods computationally, and it is natural.
Acknowledgements
The authors wish to thank the anonymous referees for their careful reading of this manuscript and helpful comments.
S. Abbasbandy, T. Hajjari / Computers and Mathematics with Applications 59 (2010) 3066–3077 3077
References
[1] S. Abbasbandy, M. Amirfakhrian, The nearest trapezoidal form of generalized left right fuzzy number, Internat. J. Approx. Reason. 43 (2006) 166–178.
[2] S. Abbasbandy, M. Amirfakhrian, The nearest approximation of a fuzzy quantity in parametric form, Appl. Math. Comput. 172 (2006) 624–632.
[3] S. Abbasbandy, B. Asady, The nearest trapezoidal fuzzy number to a fuzzy quantity, Appl. Math. Comput. 156 (2004) 381–386.
[4] A. Ban, Approximation of fuzzy numbers by trapezoidal fuzzy numbers preserving the expected interval, Fuzzy Sets and Systems 159 (2008) 755–756.
[5] A. Ban, On the nearest parametric approximation of a fuzzy number—revisited, Fuzzy Sets and Systems 160 (2009) 3027–3047.
[6] A. Ban, Triangular and parametric approximation of fuzzy numbers—inadvertences and corrections, Fuzzy Sets and Systems 160 (2009) 3048–3058.
[7] P. Grzegorzewiski, E. Mrowka, Trapezoidal approximation of fuzzy numbers, Fuzzy Sets and Systems 153 (2005) 115–135.
[8] P. Grzegorzewiski, E. Mrowka, Trapezoidal approximation of fuzzy numbers—revised, Fuzzy Sets and Systems 158 (2007) 757–768.
[9] C.T. Yeh, On improving trapezoidal and triangular approximations of fuzzy numbers, Internat. J. Approx. Reason. 48 (2008) 297–313.
[10] C.T. Yeh, A note on trapezoidal approximation of fuzzy numbers, Fuzzy Sets and Systems 158 (2007) 747–754.
[11] C.T. Yeh, Weighted trapezoidal and triangular approximation of fuzzy numbers, Fuzzy Sets and Systems 160 (2009) 3059–3079.
[12] W. Zeng, H. Li, Weighted triangular approximation of fuzzy numbers, Internat. J. Approx. Reason. 46 (2007) 137–150.
[13] M. Ma, A. Kandel, M. Friedman, A new approach for defuzzification, Fuzzy Sets and Systems 111 (2000) 351–356.
[14] S. Chanas, On the interval approximation of a fuzzy number, Fuzzy Sets and Systems 102 (1999) 221–226.
[15] T. Allahviranloo, M. Adabitabar Firozja, Note on ‘‘Trapezoidal fuzzy numbers’’, Fuzzy Sets and Systems 158 (2007) 1327–1344.
[16] S. Abbasbandy, T. Hajjari, A new approach for ranking of trapezoidal fuzzy numbers, Comput. Math. Appl. 57 (2009) 413–419.
[17] M. Delgado, A. Vila, W. Voxman, On a canonical representation of fuzzy number, Fuzzy Sets and Systems 93 (1998) 125–135.
[18] D. Dubios, H. Prade, Operations on fuzzy numbers, Internat. J. Systems Sci. 9 (1978) 613–626.
[19] D. Dubois, H. Prade, Fuzzy Sets and System: Theory and Application, Academic Press, New York, 1980.
[20] S. Bodjanova, Median value and median interval of a fuzzy number, Inform. Sci. 172 (2005) 73–89.
[21] P. Grzegorzewiski, Metrics and orders in space of fuzzy numbers, Fuzzy Sets and Systems 24 (1987) 279–300.
[22] P. Grzegorzewiski, Interval approximation of fuzzy numbers and principle of information invariance, in: Proc. Ninth Internat. Conf. On Information
Processing and Management of Uncertainty IPMU’2002, pp. 347–354.
[23] P. Grzegorzewiski, E. Mrowka, Nearest interval approximation of fuzzy numbers, Fuzzy Sets and Systems 130 (2002) 321–330.
[24] T.A. Runkler, M. Glesner, A set of axioms for defuzzification strategies—towards a theory of rational defuzzification operators, in: Proc. Second IEEE
Internat. Conf. On Fuzzy Systems, San Francisco, 1993, pp. 1161–1166.
